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Introduction
The off-axis magnetic field from an axially-polarized

cylindrical permanent magnet is usually formulated in terms of
elliptic integrals. However, an alternate solution, which employs
a toroidal harmonic expansion is developed, which is numerically
as well as analytically attractive. First, the toroidal expansion
converges rapidly and each term in the series is a well-behaved
elementary function. Second, because of the rapid convergence of
the series, it is most useful for performing a parametric study
where one may be interested in optimizing a design. Not many
analytical solutions exist for computing the off-axis magnetic
induction field from circular cylindrical permanent magnets [1].
Most employ a combination of numerical and analytical
techniques [2] to [3]. The method developed in this paper has
been known for years [4] to [9], however, not until recently has it
gained attention both the physics and engineering communities
[10] to [17].

Axially-polarized circular
cylindrical permanent magnets
are a very common and easily
manufactured design which
have a wide range of industrial
applications. Developing
accurate analytical tools to
handle off-axis field computa-
tions can only help to expedite
the design and optimization
process. This, invariably, results
in cost savings during the man-
ufacturing process.

Basic Theory and Formulation
Figure 1 represents a simplified model of an axially-polarized

circular cylindrical permanent magnet. 
The magnetization vector, M, is assumed to be uniform and

axially directed as shown in Figure 1. However, this need not be the
case. The magnetic field from a permanent magnet can be solved by
the introduction of a magnetic scalar potential function and the
magnetic charge density model [18]. The magnetic scalar potential
function, valid for some external point P from a circular cylindrical
permanent magnet as shown in Figure 1 can be written as

(1)

where the normal vectors on the top and the bottom cylindrical
caps are    respectively. Also, the normal unit vector on the
cylindrical shell is       . The charge densities are computed as
follows:

(2)  

(3)

The equivalent magnetic volume charge density and the
equivalent magnetic surface charge density are given by eq. (2)
and eq. (3) respectively. For a uniform magnetization vector,               ,
the volume charge density,      , is identically zero and the surface
charge density,     , is also zero on the circular shell, since the dot-
product between the normal vector on circular shell and the z-
directed magnetization vector is zero. However, on the circular
cylindrical caps at            , the magnetic surface charge density is
given by

(4)

where the positive and negative sign in eq. (4) refer to the top and
bottom cap respectively. The distance between the source point,

, located on the surface of the top cap and the field point, 
, expressed in cylindrical coordinates, is given by

(5)  

Also, the distance between the source point            , located on the
surface of the bottom cap and the field point,            , expressed
in cylindrical coordinates, is given by

(6)

One can now employ the known toroidal harmonic expansion for  
[5] to [6], [11], [13] in order to simplify eq. (1).

(7)

where             is written in terms of a toroidal expansion given by

(8)

The            is called a Legendre function of the second kind and
of half-integral degree [19] or a toroidal function of zeroth order
[20]. They are also referred to as Q-functions [6]. The argument
of the toroidal function for the top cap is                                      ,

and for the bottom cap is                                           . The Neumann

factor [21],       , is 1 for m=0 and 2 for all m≥1. The Q-function
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Figure 1. Axially Magnetized Permanent
Magnet
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can be expanded as follows: 

(9)

where (4n+2m-1)!!=1·3·5·7···(4n+2m-1) for all m, n ≥ 0. In eq.
(7), only the m=0 term survives the     integration. This leads to
the following magnetic scalar potential function:

(10)

where

(11)

and          for the top cap and          for the bottom cap. Employing
eq. 11 and eq. 10, the magnetic scalar potential becomes

(12)

The interchange of summation and integration is valid since the
series in eq. (12) is uniformly convergent for          .

The integral in eq. (12) can be expressed in terms of hypergeo-
metric functions [22]. This leads to the final form for the magnetic
scalar potential.

(13)

Equation (13) represents the external magnetic scalar potential
from a finite circular cylindrical axial-polarized permanent
magnet. The hypergeometric functions, F(•),  in eq. (13), can be
evaluated for any value of n. For example, when n=0 in eq. (13)
one obtains

(14)
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One can do a simple check to see that the magnetic induction field at
points external to the magnet and which lie on the z-axis are given by

(15)

(16)

One can obtain closed-form expressions, in terms of elementary
functions, for the external magnetic scalar potential function,
for any value of n in eq. (13). With symbolic mathematical tools such
as Mathematica [23] or Maple [24], one can easily find as many terms
in the expansion of eq. (13) as desired. One can rewrite the total
magnetic scalar potential as

(17)

where N is large enough to approximate eq. (13). Since the Q-
functions converge rapidly [25], eq. (13) can accurately be approxi-
mated by eq. (17) for relatively small values of N even at observation
points which are close to the magnet. The example problem in the
next section illustrates the process.

Once the magnetic scalar potential is known, the external magnetic
flux density can be computed from

(18)

Taking the gradient of eq. (13) in cylindrical coordinates results in
somewhat lengthy expressions for the components of magnetic
induction field as n increases. However, these expressions are easily
computed and plotted using Mathematica or Maple.

Illustrative Example
Consider, for example, a solid circular cylindrical axially-polarized

permanent magnet with a radius of 0.5 of an inch, a length of 1 inch, a
magnetization of 105 A/m, and modeled as shown in Figure 1. All
dimensions were converted to the MKS system of units before computa-
tions were carried out. In order to compute the components of the magnetic
flux density in cylindrical coordinates at any arbitrary point in space
external to the permanent magnet, eq. (17)  and eq. (18) are employed.

Consider enclosing the permanent magnet in a hypothetical
observation cylinder. This cylinder is simply a grid of observation points
where the magnetic scalar potential and the three components of the
magnetic flux density are computed. In this example, a total of 4,453
points were used. Each cap has 1,460 observation points and the
cylindrical shell has 1,533 observation points. The maximum radius of
the observation cylinder is 0.55 of an inch and it has a length of 1.1
inches. The permanent magnet is centered at the origin as shown in
Figure 1 and the observation cylinder completely encloses the magnet.
All plots were developed using using Tecplot [26].

Consider, for example, the choice of N=25 in eq. (17). The scalar
potential and the field components, for this value of N, are shown in
Figures 2 through 4.

One can easily check to see whether, for example, the magnetic
scalar potential for N=25 is accurate. Figures 5 and 6 represent the
radial and axial induction fields for N=40 in eq. (17).

One can see that Figures 3 and
5 and Figures 4 and 6 are
virtually identical. One may not
need to compute many terms in
the series given in eq. (17). This
is an important feature when a
parametric study is undertaken
because one wants to be able to
make rapid changes in various
parameters without having to
wait a long time for the computa-
tions to complete. This is one reason why the finite element method and
others are not well suited for parametric studies except for relatively
simple problems. Also, the authors chose a large number of observation
points and each point has an associated computation time. One could
easily have chosen fewer observation points without loss of accuracy
and this would  lessen the computation time.

Discussion and Conclusion
A method has been proposed for computing the three-dimensional

magnetic field from an axially-polarized circular cylindrical permanent
magnet. This method relies on the use of toroidal harmonics. Although
the final result was in the form of an infinite series, the series converges
quite rapidly even for observation points relatively close to the magnetic
source. An example is given that illustrates the three-dimensional field
pattern exhibited by each component of the magnetic induction field for
N=25. Because the infinite series solution converges rapidly, only a few
terms are needed to produce an accurate field pattern. This was clearly
shown by computing the components of the induction field for N=40.

The main purpose of this article is to develop a method of solution for
rapidly computing the magnetic induction field produced by an axially-
polarized cylindrical permanent magnet. The use of the toroidal harmonic
solution allows one to optimize the design process without sacrificing
speed. One can rapidly change the various design parameters, such as
magnetization, physical geometry, observation cylinder, etc., quickly
enough to modify a design. The implementation of powerful symbolic
mathematical tools such as Maple and Mathematica have played an
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integral role in the application of the toroidal harmonic expansion.

There are a few methods [2] to [3] for performing optimization for
cylindrical magnets but most rely on a combination of numerical as well
as analytical methods. However, a parametric study is most easily accom-
plished with an analytical solution. In most real-world engineering
problems, a completely analytical solution most often does not exist.
However, the method introduced in this paper should provide a useful
analytical tool for accurately predicting the magnetic field from circular
cylindrical permanent magnets.

Dr. Selvaggi received Bachelor’s degrees in electrical and mechanical
engineering from Pratt Institute in Brooklyn New York. He has masters degrees in
electrical power engineering and mechanical engineering from Rensselaer
Polytechnic Institute. He has a masters degree from Courant Institute of mathemat-
ical sciences at New York University. Also, he has a PhD in electrical power
engineering from Rensselaer Polytechnic Institute specializing in electromagnetics.
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